I. Introduction
The subject of microwave instabilities has attracted a lot of theoretical activity recently. A series of papers by Sacherer 1 has played the leading role in the field. Further development of his work is being actively pursued by several authors 2 • However, the mathematical complexity of the theory makes it very hard to grasp the essential physics underlying microwave instabilities. This is rather unfortunate since the qualitative features of microwave instabilities are easy to understand 3 by applying coasting beam theory4.
In this paper, microwave instabilities are analyzed in a simple model, in which the usual synchrotron oscillation of a particle is replaced by particle motion in a square-well potential.
The motivation for doing this was the following: In the usual synchrotron oscillation, a particle moves along an elliptic trajectory. The most natural coordinates for such a motion are the action and the angle variables. On the other hand, the distribution of the particles along the ring is most conveniently described by azimuthal variables. The complexity of the theory of microwave instabilities derives from the fact that the two sets of the variables are not simply related. The difficulty disappears if thẽ ynchrotron motion is approximated by the motion in a square-well potential.
The square-well potential may seem extremely unphysical.
However, it should be remarked that the form of the potential with u addition of a Landau cavity looks more or less like a square-well.
At any rate, the main motivation of introducing the square-well here is to simplify the mathematics of and thereby gaining some insight into microwave instabilities.
(1)
The model is exactly soluble. The results are in general agreement with the conclusions obtained from qualitative arguments 3 based on coasting beam theory. However, some of the detailed features of the solution, for example the behavior ofw 2 as a function of impedance, are surprising.
In section II, the model is defined precisely. In section III, the model is solved. The paper is concluded in section IV by discussing the properties of the solution.
II. The Model
The canonically conjugate variables are:
a:
The azimuthal distance from the reference particle.
€:
The energy difference E -E s ' where E and E s are the energy of the particle under consideration and the reference particle, respectively. at~'€aa + F ext +~rev U(a,t))as = 0 Here, the constant f i s defined in terms of R =m achi ne radius, Q rev = revolution frequency, (3 = vIc and n = Yt 2 -y-2 as follows:
(32 E s U(a,t) is the collective potential given by
Herep( a, t ) i s the 1i ned ens it y ,
G(a) in eq. (5) is the Fourier transform of the impedance function and (L,-E). Therefore, the proper boundary conditions arẽ
The model is therefore defined by the Vlasov's equation (1) with F ext = 0 together with the boundary conditions (6). 
..
As is usual~one linearizes the Vlasov's equation. Write '¥(a,E:t) = '¥O(E) + '¥l(a,E,t)
Here'¥O(E) is the static solution in the absence of the collective force~and ' 1' 1 is the perturbation. The linearized equation is,
""21f 
From eqs. (8) and (12), one sees that '¥1 is of the following form:
' ¥Il (a: E, t) =-A~a , t) 0 ( E+~) + B(a , t ) 0 ( E-~)
The functions ' A and B satisfy the following equations:
The boundary condition becomes
Eq. (14) is applicable to coasting.beam as well if'a is interpreted as the distance from a fixed point on the ring, say at a = O.However, the boundary conditions are modified as follows:
Let the circumference of the ring be C. Since the points a= 0 and a = C are identical, the boundary conditions become
A(O,t) = A(C,t), B(O,t) = B(C.t)
III. The Solution (16 ) Let us forget about the boundary condition for the moment.
(w -yk + ig(k))a k
where y in the above is the velocity of the particle relative to the 6
(19 ) [) reference particle at the top or the bottom of the stack. In view of eq.(lO), g(k) is of the following form:
where a and S are real constants. The solubility of eq. (18) requires the following dispersion relation:
In eq.(21), the square root is defined so that w(k) has a positive rea 1 part.
To completeGthe solution, one should take into account the The boundary condition This solution is time independent and therefore stable.
Eq.(29) can also be satisfied if the two amplitudes a+ and a are related by (29.a) and, furthermore, k+ and k are related as follows:
From ( +n e -n -n In the above ( )± means that k should be replaced by k in ' and C ,] is an arbitrary normalization constant. This completes the solution of th e problem.
IV. Discussion and Conclusions
Let us now discuss the properties of the solutions obtained in the previous section. First, if the impedance is small, eq. (34) can be approximated by
To understand this formula, recall that y is the particle velocity at the top or the bottom of the stack. Therefore the quantity 2L/ y can be interpreted as the period of one "synchrotron" oscillation.
Thus, eq.(38) can be written in the following expected form:
where D = 2ny/2L is the angular synchrotron frequency. Finally, it is also interesting to compute the line density p(a,t) = A(a,t) + B(a,t). The result is complicated, but when [3 = 0 it becomes p(a,t) = .eiwn t cos(Kna),
arguments. However, a certain aspect of the results is unexpected.
One hopes that the insight gained in this analysis will be helpful in attacking a more realistic theory of microwave·~nstabi1ities.
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